Introduction
This is a third part of our work devoted to the conformal, homothetic and isometric Killing symmetries in hyperheavenly spaces. In the first part [1] the nonexpanding hyperheavenly spaces have been considered and in fact, that part is the generalization of the work by Finley and Plebański [2] . The Killing symmetries in expanding hyperheavenly spaces have been presented in our second paper [3] which can be considered as a development of the ideas and results given by Sonnleitner and Finley [4] . Namely, in our work [3] the nonzero cosmological constant Λ has been included and some more compact classification of the Killing vectors has been done.
The current paper is a continuation of [1] and a generalization of the outstanding work by Finley and Plebański [5] . Here we present classification of the homothetic and isometric Killing vectors in nonexpanding hyperheavenly spaces. We show how to use the general results to classify the homothetic Killing vectors in heavenly spaces. Such a classification together with different types of the reduced heavenly equation (admitting at least one homothetic Killing vector) has not been considered by Plebański and coworkers (isometric Killing vectors in heavenly spaces has been found in [5] ). Moreover, we have been able to obtain some Lorentzian real slices. This last result follows from the previous considerations in such a natural manner that it seems to be very promising in the solution of a long studying fundamental problem: how to find a Lorentzian spacetime from a given complex spacetime.
The generalization of the heavenly spaces, i.e. hyperheavenly spaces were discovered by Plebański and Robinson in 1976 [6] - [7] . In the late seventies and early nineties many papers devoted to this spaces were published. Structure of the heavenly [8] -2 Hyperheavenly spaces.
General structure of hyperheavenly spaces.
HH-space with cosmological constant is a 4 -dimensional complex analytic differential manifold M endowed with a holomorphic Riemannian metric ds 2 satisfying the vacuum Einstein equations with cosmological constant and such that the self -dual or anti -self -dual part of the Weyl tensor is algebraically degenerate [6, 7, 12] . These kind of spaces admits a congruence of totally null, self-dual (or anti-self-dual, respectively) surfaces, called null strings [9] . In this paper we deal with self-dual null strings. Coordinate system can be always chosen such that Γ 422 = Γ 424 = 0 [7] , the surface element of null string is given by e 1 ∧ e 3 , and null tetrad (e 1 , e 2 , e 3 , e 4 ) in spinorial notation can be chosen as eȦ := φ −2 dqȦ = e 
Spinorial indices are to be manipulated according to the rules qȦ = ∈ȦḂ qḂ, qȦ = qḂ ∈ḂȦ. Then, the rules to raise and lower spinor indices in the case of objects from tangent space read ∂Ȧ = ∂Ḃ ∈ȦḂ, ∂Ȧ =∈ḂȦ ∂Ḃ, ðȦ = ðḂ ∈ȦḂ, ðȦ =∈ḂȦ ðḂ. As usual, ∈ AB and ∈ȦḂ are spinorial Levi-Civita symbols (∈ AB ) := 0 1
The metric is given by
The expansion 1-form which characterises congruence of self-dual null strings is defined by [12] θ := θ a e a = φ 4 (Γ 423 e 3 + Γ 421 e 1 ) = φ ∂φ ∂pȦ dqȦ (2.7)
Consequently, we can consider two cases
= 0 → θ = 0 and such a space is called nonexpanding HH-space (in this case one can put φ = 1)
• ∂φ ∂pȦ = 0 → θ = 0; such a space is called expanding HH-space
In the present paper we deal with nonexpanding case.
Nonexpanding hyperheavenly spaces.
By reducing Einstein equations [7, 12] one gets φ = 1 and
where FȦ is an arbitrary function of qȦ only, and Θ is an arbitrary function of all variables called the key function. Einstein equations can be reduced to one equation called the nonexpanding hyperheavenly equation with Λ
where
Inserting the explicit form of T
where NȦ and γ are arbitrary functions of qĊ only (constant on each null string), and
, etc.. Explicit formulas for the connection 1-forms in spinorial formalism read Γ 11 = 0 (2.13)
where (as a consequence of hyperheavenly equation, especially useful in many calculations)
(2.14)
Decomposing the connection 1-forms according to
we get
The conformal curvature is given by
Gauge freedom.
The problem of coordinate gauge freedom in nonexpanding hyperheavenly spaces was considered in details in [1, 7, 12, 23] . The form of metric (2.6) admits the coordinate gauge freedom
where σȦ are arbitrary functions of qȦ only. Denote
where ∆ stands for the determinant of the matrix DḂ A ∆ := det
The functions QȦḂ transform under (2.19) as follows
It is easy to see that the transformation (2.19) is equivalent to the spinorial transformation of the tetrad with 
where [12, 14] on the case when Λ = 0 and they were presented in [20] and then in [23] .)
3 Conformal Killing symmetries. 
In the basis (2.4)
Killing vector has the form
where we use the decomposition
Components of the Killing vector, K a and K AḂ are related by the condition
Conformal Killing equations with a conformal factor χ read
In spinorial form
what is equivalent to the following equations
From (3.8a) and (3.8b) it follows that
with
In [16] the integrability conditions of (3.8a) and (3.8b) have been found. For the Einstein space (C ABĊḊ = 0, R = −4Λ) these conditions consist of the following equations
for undotted l AB and C ABCD and the respective equations L Ȧ RṠṪ , MȦḂĊḊ and R Ȧ AḂĊ for dotted lȦḂ and CȦḂĊḊ.
Final results.
Explicit form of the conformal Killing equations and its integrability conditions, together with the way of reduction the Killing equations to the one master equation are presented in section 6. Finally, we obtain: Spinors l AB l 11 = 0 (3.12a)
Components of the Killing vector read kȦ = δȦ(qṀ ) (3.13)
what gives the form of the Killing vector
Ten conformal Killing equations can be reduced to one master equation
where P is the third-order polynomial in pȦ
Integrability conditions are
and ZȦ is given by (2.18).
Transformation formulas.
Under the gauge given by (2.19), (2.25a) -(2.25d) and (2.26), δṀ , Ṁ , ζṀ and ξ transform according to
In classification of the Killing vector, transformation formulas for spinorial divergences ∂δṀ ∂qṀ and ∂ Ṁ ∂qṀ will be useful
4 Classification of the isometric and homothetic Killing vectors in nonexpanding hyperheavenly spaces.
Criterion used in classification.
Classification of the Killing symmetries that we propose, is based on the algebraic properties of the components of the Killing vector, δṀ and Ṁ . If the δṀ = 0, then from (3.22a) it follows, that ∂δṀ ∂qṀ can be always gauged away, bringing δṀ to gradient. The appropriate gauge transformation allows then to bring δṀ to the form δṀ = δṀ Z withŻ being some fixed index,1 or2. We always chooseŻ =1, namely δṀ = δṀ 1 . The second choice is completely analogous and does not lead to different results (since structure of the nonexpanding hyperheavenly space is invariant under the interchanging coordinates q˙1 and q˙2). This case we call type HK1 or IK1 (homothetic Killing vector of the type 1 or isometric Killing vector of the type 1, respectively). After setting δȦ = δȦ 1 we still have the coordinate gauge transformations:
and f being the arbitrary function.
Isometric symmetries with δṀ = 0 have two subcases. Isometric type IK2a is characterized by .22b) ). Since in two dimensions each vector is proportional to gradient, one can finally bring Ṁ to the form 1 = q˙1, 2 = 0. In that case admissible coordinate gauge transformations are: 
Homothetic symmetries with δṀ = 0 do not involve two different types. Nonzero χ 0 allows always gauge away Ṁ . That is why this case we simply call type HK2.
Gathering, we obtain the following types of the isometric and homothetic Killing vectors in nonexpanding hyperheavenly spaces
Isometric Killing vectors
Homothetic Killing vectors
We do not use this way of classification in the case of the conformal symmetries. It seems that the way chosen in [1] is the best description of the conformal symmetries. Moreover, the only non-conformally flat space which admits conformal symmetries is a space of the type [N] ⊗ [N]. There is no need to classify one algebraic type.
The main aim of our considerations is to use coordinate gauge freedom and bring the master equation to the simplest possible form and then to solve it in order to obtain the form of the key function. The remain gauge freedom was used to simplify maximally the arbitrary structural functions FȦ, NȦ and γ appearing in the hyperheavenly equation. It is the main reason, why the form of the structural functions in the algebraic types 
Conformal Killing symmetries.
Conformal Killing symmetries are allowed only when Λ = 0 = C (2) , and CȦḂĊḊ 
Homothetic Killing symmetries.
We have here χ = χ 0 = const and we assume, that χ 0 = 0. From (3.18a) we get immediately Λ = 0. From (3.18f) it follows that GȦ = 0 = G. The integrability conditions (3.18b) and (3.18e) are automatically satisfied. Thus one obtains the following cases:
The forms of Killing vector and the key function are given by
Functions
Killing vector Master equation
The key function
where x := p˙1 e −2χ 0 q1 and y := p˙2 e −2χ 0 q1 and T is an arbitrary function of its variables. With this Killing vector the integrability conditions of the master equation immediately
where nȦ and g are arbitrary functions of their variable. The hyperheavenly equation takes the form
The remaining gauge freedom can be employed in particular algebraic types:
(where ∆ 0 is a constant determinant (2.21) and n = n(q˙2) is an arbitrary function of q˙2).
Type HK2 (K
The forms of Killing vector and the key function are given by:
Functions Killing vector Master equation The key function
T is an arbitrary function of its variables and x := p1 p2
.
Integrability conditions of the master equation give NȦ = γ = 0. Moreover, C (2) must be nonzero; in the other case we obtain automatically a heavenly space. The only allowed algebraic type is [III] ⊗ [any] in which the structural functions can be brought to the form
The hyperheavenly equation become then 
With FȦ = 0 the integrability conditions of the master equation give NȦ = NȦ(q˙2) and γ = γ(q˙2). The hyperheavenly equation takes the form [II] ⊗ [any]
Type IK2
This type is not allowed in this case, since from (3.18c) with δȦ = 0 it immediately follows that Ȧ = 0. Therefore, when Λ = 0, there is no Killing vector of the type IK2. 
The integrability conditions of the master equation gives FȦ = FȦ(q˙2), NȦ = NȦ(q˙2), γ = γ(q˙2). Concrete algebraic types are characterized by:
The forms of Killing vector and the key function read:
Functions Killing vector Master equation
The integrability conditions of the master equation allow to find the forms of the FȦ and NȦ. Concrete algebraic types are characterized by:
l 12 = 0 l 12 = 0
f 0 is an arbitrary complex, gauge constant, which can be used in order to bring F 0 to 1 if desired. The hyperheavenly equation takes the form
The forms of Killing vector and the key function are:
Functions Killing vector Master equation The key function
Integrability conditions of the master equation gives C (2) = 0, so the only allowed algebraic type is [N] ⊗ [any]. Coordinate gauge freedom can be used to set:
The hyperheavenly equation takes a very simple form
4.6 Examples of the nonexpanding hyperheavenly spaces admitting Killing vector. Lorentzian real slices.
Existence of the Killing vector of the form K = q˙1∂ p1 (type IK2a) or K = ∂ p1 (type IK2b) assures, that nonlinearities in hyperheavenly equation (2.12) disappear. In that cases hyperheavenly equation becomes linear differential equation and it can be easily solved. 
with N being the arbitrary function of the qṀ , one can find the solution for T and finally, for Θ Θ = p˙2 S(q˙2, q˙1p˙2p˙2) − 1 12
where S = S(q˙2, q˙1p˙2p˙2) is an arbitrary function of its variables. Arbitrary function r = r(qṀ ) can be gauged to 0 by using the gauge function M -see the transformation formula (2.25d)). The only nonzero curvature coefficients read
From (4.9) it follows, that the only allowed algebraic types are [III,N] ⊗ [N]
Writing N˙1 in the form N˙1 = −
∂N ∂q1
with N = N (qṀ ) we obtain the solution of Eq. (4.6) Θ = 1 2 N p˙2p˙2 + A(p˙2, q˙2) + r(qṀ ) (4.11) where A = A(p˙2, q˙2) is an arbitrary function of its variables. (As before, arbitrary function r(qṀ ) can be gauged away). The metric has the form
the space considered can be of types
The Lorentzian real slices of the complex spacetime can exist only if there exists a coordinate frame such thatC ABCD = CȦḂĊḊ, where the overbar denotes complex conjugation (see [18] ). Here we have to assure thatC (1) =Ċ (1) and surprisingly this condition can be easily investigated. Denoting p˙1 ≡ v , p˙2 ≡ζ , q˙1 ≡ ζ , q˙2 ≡ u (4.14)
we automatically obtainC (1) =Ċ (1) . Of course,C ABCD = CȦḂĊḊ are not the only conditions which give the real spacetime with Lorentzian signature. However, in this particular case the metric (4.12) becomes
with H(ζ,ζ, u) = f (ζ, u) +f (ζ, u), so (4.15) is the metric for the pp-wave solution with Einstein field equation assumed [24] . With (4.14) assumed the key function takes the form
In the hyperheavenly language, (4.16) is the key function for the pp-wave solution.
It is worth-while to note, that the type IK2a does not have any Lorentzian real slice (compare with [24] ).
Null Killing Vector Fields.
The Killing vector field is null when 0 = K a K a = 2kḂhḂ. Using (3.13) one gets
There are two possibilities: δȦ = 0 and δȦ = 0, additionally we assume, that χ = χ 0 = const.
δȦ = 0
Here we deal with types IK1 and HK1. After using the gauge freedom to set δȦ = δȦ 1 , Ȧ = ζȦ = ξ = γ = 0, the condition (4.17) gives 0 = Q˙2˙2 + 2χ 0 p˙2 and, finally, solution for the key function
with S = S(p˙2, qṀ ) and U = U(p˙2, qṀ ) being the arbitrary functions. Inserting this key function into master equation and its integrability conditions, and then into hyperheavenly equation we obtain the polynomials in p˙1. Using remaining gauge freedom to set 5 Classification of the homothetic Killing vectors in heavenly spaces.
General considerations.
Isometric Killing vectors in heavenly spaces were considered and classified in details in [5] . Here we present the classification of the homothetic Killing vectors.
The heavenly spaces can be easily obtained from the hyperheavenly spaces, by setting
By using the gauge freedom in ∆ and h the functions FȦ and NȦ can be gauged away.
In order not to generate the nonzero FȦ and NȦ we have to keep ∆ = ∆ 0 = const and h = h 0 = const. Function γ can be removed from considerations by using arbitrary gauge function HȦ (compare (2.25c)). After that steps the hyperheavenly equation reduces to the well-known, second heavenly equation
In [1] the problem of Killing vectors in heavenly spaces was generalized for the case of the most general conformal factor in (3.6). It has been proved, that χ can be at most a linear function of the pȦ coordinates and it has the form
with α = α(qṀ ) and χ 1 = χ 1 (qṀ ) being arbitrary functions of their variables. Since we are interested in homothetic symmetries it is enough to set χ 1 = χ 0 = const and α = α 0 = const. Moreover, it has been proved in [5] that α 0 can be put zero without any loss of generality. [It is essential for our considerations, because nonzero α 0 provides the factor with the first integral of the heavenly equation into the master equation. In that case analysis is much more difficult, see [1, 5] ]. Detailed analysis show, that with the choice α 0 = 0, χ = χ 0 = const all formulas presented in section 4 can be used. Especially important for further considerations are integrability conditions of the master equation
with the transformation laws (compare (3.22a) and (3.22b)):
The most general type appears when both δ 0 and 0 are non-zero. Note, that it involves δ 0 = 2χ 0 (in the other way 0 could be always gauged to zero). In that case it is convenient to use ∆ 0 and set 0 = −4χ 0 . This case we call HHKI (heavenly homothetic Killing vector of the type I ).
Second type, HHKII is characterized by δ 0 = 0 and 0 = 0. Then δ 0 can be different from 2χ 0 (in that case 0 , if nonzero, can be always gauged away) or equal 2χ 0 (because there always exists a possibility, that 0 is equal zero from the very beginning).
Third type, HHKIII appears when δ 0 = 0 = 0 . There are two subcases: type HHKIIIa, with δȦ = 0 and type HHKIIIb for which δȦ = 0.
Remaining gauge freedom allows us to put ζȦ = ∂ζ ∂qȦ and ξ = 0, and brings δȦ and Ȧ to the most plausible form. Gathering, we obtain the following types of the homothetic Killing vectors in heavenly spaces HHKI HHKII HHKIIIa HHKIIIb
− ln q˙1 y := p˙2 (q˙1)
After some calculations we can find the reduced forms of the heavenly equation for above types to be Type HHKI
Type HHKII
Type HHKIIIa
We are going to investigate (5.7) -(5.10) soon.
6 Appendix. 
2 l 12 = ∂Ṅ hṄ + ðṄ kṄ + kṄ ∂ṠQṠṄ
Integrability conditions M ABCD M 1111 ≡ 0 (6.5)
Integrability conditions RȦ ABC RȦ 111 ≡ 0 (6.7)
6.2 Reduction of the Killing conformal equations to one master equation.
In the case of hyperheavenly spaces with Λ = 0 such a reduction was done in [2] . In our work [1] the existence of nonzero cosmological constant has been considered and a nonconstant, conformal factor χ has appeared. However, considerations in [1] are divided into three subcases. Here we present some different approach in which Killing equations in hyperheavenly spaces of the types [II,D,III,N]⊗[any] are being reduced simultaneously. This way is much more elegant then that presented in [1] . The only assumption is that
, heavenly spaces are excluded from our considerations. That case was solved by Plebański and Finley in [10] and generalized in [1] . Its spinorial version together with classification of the Killing vectors was presented in [5] .
With |C (3) | + |C (2) | + |C (1) | = 0 assumed, from the conditions RȦ ABC it follows that ∂Ȧχ = 0, so conformal factor can be at most a function of qṀ only, χ = χ(qṀ ). From the M ABCD equations it follows that ∂Ṅ kṄ = 0, from EȦḂ 11 we find that ∂ (Ȧ kḂ ) = 0 so kȦ = δȦ(qṀ ), and, finally l 11 = 0. Putting this into NȦḂ 21 and RȦ 222 we get The next step is to calculate l 12 from the definition (6.3)
With this form of l 12 we easily find, that LȦ 112 is automatically satisfied but LȦ 212 gives the integrability condition
Analogously, investigating the definition of l 22 we get
Inserting this l 22 into the LȦ 122 we get an identity, but LȦ 222 leads to the equation
with GȦ given by (3.19) . It is easy to note that (6.15) is just a first integral of NȦḂ 22 and in the case of conformal Killing symmetries it gives some strong constraint on the key function Θ.
Two useful equations follow from the integrability condition M 2222 which appears to be linear in pȦ. That equations read
with ZȦ defined by (2.18). Eq. (6.17) is especially interesting. It plays role only in the case of conformal symmetries (observe that if conformal factor is constant then from (6.15) it follows that GȦ = 0). Using hyperheavenly equation, (6.15 ) and the first derivative of (6.15) one can show that it is identically satisfied. However, (6.17) does not contain the key function Θ and can be treated as a compatibility condition for hyperheavenly equation and (6.15).
Next step is to integrate the last triplet of the Killing equations, i.e., the EȦḂ 22 equation. After some obvious cancelations, one can get
Inserting QȦḂ given by (2.8b) after some algebraic work one can bring EȦḂ 22 equation to the form 1 2
From (6.19) it follows that ΣȦ = Σ pȦ + ζȦ , Σ = Σ(qṀ ) , ζȦ = ζȦ(qṀ ) (6.21)
The next step is to use (2.9) and put it into (6.20) . Most of the factors in (6.20) can be rearranged into the form ∂Ȧ(...). Using (6.21) and (6.20) we get
Calculating ∂Ȧ(6.22) one can find Σ
With Σ given by (6.23) we can finalize the process of reduction of the third triplet of the Killing equations and bring (6.22) into the form ∂Ȧ − £ K Θ + 2Θ 3χ − ∂δṄ ∂qṄ + P = 0 (6.24)
with P defined by (3.17) . In that way we obtain the master equation (3.16) . Additionally, one can investigate ðȦ∂Ȧ(master equation). After very laborious calculations we find that it is simply integral of the (6.15) and it leads to the condition (3.18f).
Concluding remarks
In this paper we end the theoretical considerations on the Killing symmetries in nonexpanding HH-spaces with Λ. Results from [1] and [2] have been gathered in a compact form. Classification of these symmetries is the original part of the theory of the nonexpanding hyperheavenly spaces. Reduction of the ten Killing equations to one master equation has been done under the assumption, that C ABCD = 0. However, the final results can be quickly carry over to the case of the isometric and homothetic symmetries in heavenly spaces (C ABCD = 0). This allows us to classify homothetic Killing symmetries in heavenly spaces. Only the conformal Killing symmetries in heavenly spaces are outside the scope of this paper but they have been considered in [1] .
Isometric symmetries in heavenly spaces leads to the five different types of the heavenly spaces. Four of them were completely solved, in the fifth case heavenly equation was reduced to the new distinguished equation called the Boyer-Finley-Plebański equation [5] . This case is characterized by ∂δȦ ∂qȦ and in heavenly space with second heavenly equation this spinorial divergence cannot be gauged away. In hyperheavenly spaces the gauge freedom seems to be wider than the one in heavenly spaces. Finally, ∂δȦ ∂qȦ can be always gauged away (compare (3.22a)). This is the main reason, why there is no hyperheavenly equivalent of the Boyer-Finley-Plebański equation.
An interesting part of our work consists of presenting the solution of the hyperheavenly space admitting isometric Killing vector of the type IK2b. It appeared to be a complex pp-wave. In this case we have been able to find the Lorentzian real slice in a very easy way. Using the results of [18] , especially conditionC ABCD = CȦḂĊḊ and substituting (4.14) we immediately find the real metric with Lorentzian signature describing the real pp-wave (4.15). Important question arises: does the conditionC ABCD = CȦḂĊḊ can be used in easy way in the more complicated problems, for example, complex metrics of the expanding type [N] ⊗ [N] found in [3] ?
Finally, the results presented in this paper can be used to describe the symmetries of Einstein -Walker spaces. All Einstein -Walker spaces have been found in [22] . It is enough to take the metrics from [22] and substituting them into the master equation and its integrability conditions. Solutions of these equations give the Einstein -Walker space with additional, Killing symmetry. Can Einstein -Walker spaces with Killing symmetry can be classified according to the type of the Killing vector? We are going to answer this question soon.
This paper is the third part of the work devoted to the Killing symmetries in HHspaces. In the last part we will deal with the conformal symmetries in heavenly spaces with Λ. Nonzero Λ change the structure of the self-dual (anti-self-dual) heavenly spacesthere is no nonexpanding congruences of anti-self-dual (self-dual) null strings. One must use the expanding hyperheavenly equation with the condition C ABCD = 0. Does the (conformal) Killing equations can be reduced to one master equation in this case?
